
Limits 

Definition: lim
௫→௔

݂ሺݔሻ ൌ  ሻ approaches some real number L, as x approachesݔmeans the value given by ݂ሺ  ܮ	

some value a.  If a limit does not have a finite value, then we say that the limit does not exist. 

What is the limit? Why? 

lim
௫→ஶ

൬
1
ݔ
൰ ൌ 0 As x becomes very large, the function  ݂ሺݔሻ ൌ ଵ

௫
 becomes very small and 

approaches (but never actually equals) zero. 

lim
௫→଴

ሺln ሻ does not exist As x gets closer and closer to 0, the lnݔ  function approaches negative ݔ
infinity without bound. 

 
Right hand limit:  lim

௫→௔శ
݂ሺݔሻ ൌ  .means the limit of f (x) is L, as x approaches ܽ from the right  ܮ	

Left hand limit:  lim
௫→௔ష

݂ሺݔሻ ൌ  .means the limit of f (x) is L, as x approaches ܽ from the left ܮ	

If lim
௫→௔శ

݂ሺݔሻ ് lim
௫→௔ష

݂ሺݔሻ, then the limit does not exist. 

Continuity of a function at a point:  A function ݂ is continuous at ݔ ൌ ܽ if lim
௫→௔

݂ሺݔሻ ൌ ݂ሺܽሻ.  This means 

that: ①  ݂ሺܽሻ is defined; ②  lim
௫→௔

݂ሺݔሻ exists; ③  lim
௫→௔

݂ሺݔሻ ൌ ݂ሺܽሻ 

Some Properties of Limits 

If both lim
௫→௔

݂ሺݔሻ and lim
௫→௔

݃ሺݔሻ exist and k is a constant, then: 

 

Constant 
Multiple Rule 

 
 
 
 
 
 

lim
௫→௔

ሾ݂݇ሺݔሻሿ ൌ ݇lim
௫→௔

݂ሺݔሻ 
 
 
 
 
 

 
 
 
 
 
 

lim
௫→ସ

ሾ3ݔሿ ൌ 3lim
௫→ସ

 ݔ
 
 
 
 
 
 
 

Sum/Difference 
Rule 

 
 
 
 
 
 

lim
௫→௔

ሾ݂ሺݔሻ േ 	݃ሺݔሻሿ ൌ lim
௫→௔

݂ሺݔሻ േ lim
௫→௔

݃ሺݔሻ
 

 
 
 
 
 
 

lim
௫→ଷ

൤ݔଶ െ
ݔ2
ݔ െ 2

൨ ൌ 	 lim
௫→ଷ

ଶݔ െ lim
௫→ଷ

ݔ2
ݔ െ 2

 
 
 
 
 
 
 
 
 
 

 
 
 
 

Product Rule 
 
 
 

lim
௫→௔

ሾ݂ሺݔሻ݃ሺݔሻሿ ൌ lim
௫→௔

݂ሺݔሻlim
௫→௔

݃ሺݔሻ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

lim
௫→ଵ

ሺݔ ൅ 3ሻሺݔ െ 5ሻ ൌ 
 

lim
௫→ଵ

ሺݔ ൅ 3ሻ ∙ lim
௫→ଵ

ሺݔ െ 5ሻ 
 
 
 
 
 
 

 
 
 
 
 
 
 

Quotient Rule 

 
 
 

lim
௫→௔

ቂ௙ሺ௫ሻ
௚ሺ௫ሻ

ቃ ൌ
୪୧୫
ೣ→ೌ

௙ሺ௫ሻ

୪୧୫
ೣ→ೌ

௚ሺ௫ሻ
 provided lim

௫→௔
݃ሺݔሻ ് 0

 
 
 
 
 

lim
௫→଴

൤
ݔ3 െ 5
݁௫ െ 1

൨ ൌ
lim
௫→଴

ሺ3ݔ െ 5ሻ

lim
௫→଴

ሺ݁௫ െ 1ሻ
 

 
 
 
 
 
 

Composition 
Rule 

 
 

 

 
 
 

lim
௫→௔

݂ሾ݃ሺݔሻሿ ൌ ݂ ቂlim
௫→௔

݃ሺݔሻቃ 
 
 
 

 
 
 

 

 
 
 
 
 
 
 

lim
௫→଴శ

݈݊ሺ2 ൅ ሻݔ3 ൌ 	݈݊ ቂ lim
௫→଴శ

ሺ2 ൅  ሻቃݔ3

 

lim
௫→ଶ

ሾ5ݔଶ െ 3ሿଵ଴ ൌ ቂlim
௫→ଶ

ሺ5ݔଶ െ 3ሻቃ
ଵ଴

 

 

lim
௫→ଶ

ൣ√3௫ െ 9య ൧ ൌ ටlim௫→ଶ
ሺ3௫ െ 9ሻయ  

 



 Strategies for Solving Limits 

 

 
Continuous Functions 
 

 
If ݂ሺݔሻ is continuous at a then lim

௫→௔
݂ሺݔሻ ൌ ݂ሺܽሻ 

 
 
Factor and Cancel 

 

lim
௫→ଶ

௫మାସ௫ିଵଶ

௫మିଶ௫
ൌ lim

௫→ଶ

ሺ௫ିଶሻሺ௫ା଺ሻ

௫ሺ௫ିଶሻ
ൌ lim

௫→ଶ

௫ା଺

௫
ൌ ଼

ଶ
  for ݔ ് 2 

 
 
Rationalize 
Numerator/Denominator 
 

 

lim
௫→ଽ

ଷି√௫

௫మି଼ଵ
ൌ lim

௫→ଽ

ଷି√௫

௫మି଼ଵ
∗ ଷା√௫
ଷା√௫

ൌ lim
௫→ଽ

ଽି௫

ሺ௫మି଼ଵሻሺଷା√௫ሻ
=	lim
௫→ଽ

ିଵ

ሺ௫ାଽሻሺଷା√௫ሻ
= 
ିଵ

ଵ଴଼
 

 
for ݔ ് 9  
 

 
L’ Hospital’s Rule 
 

 

If lim
௫→௔

௙ሺ௫ሻ

௚ሺ௫ሻ
ൌ ଴

଴
or േஶ

േஶ
 then,  lim

௫→௔

௙ሺ௫ሻ

௚ሺ௫ሻ
ൌ lim

௫→௔

௙ᇲሺ௫ሻ

௚ᇲሺ௫ሻ
  

 
 
 
 
 
Polynomials at Infinity 
 

 

 ሻ are polynomials. To computeݔሺݍ ሻ andݔሺ݌ lim
௫→േஶ

௣ሺ௫ሻ

௤ሺ௫ሻ
 factor out the 

largest power of x in 	ݍሺݔሻ out of both  	݌ሺݔሻ	and	ݍሺݔሻ then compute the  

 
 
 
 
 

limit. 	

lim
௫→ିஶ

ଶݔ3 െ 4
ݔ5 െ ଶݔ2

ൌ lim
௫→ିஶ

ଶሺ3ݔ െ 4
ଶሻݔ

ݔଶሺ5ݔ െ 2ሻ
ൌ lim

௫→ିஶ

3 െ 4
ଶݔ

5
ݔ െ 2

ൌ െ
3
2
 

 
 
Combine Rational 
Expressions 
 

 

lim
௛→଴

1
݄
൬

1
ݔ ൅ ݄

െ
1
ݔ
൰ ൌ lim

௛→଴

1
݄
ቆ
ݔ െ ሺݔ ൅ ݄ሻ
ݔሺݔ ൅ ݄ሻ

ቇ ൌ lim
௛→଴

1
݄
൬

െ݄
ݔሺݔ ൅ ݄ሻ

൰ 
 

                                  ൌ lim
௛→଴

ቀ ିଵ

௫ሺ௫ା௛ሻ
ቁ ൌ െ ଵ

௫మ
 

 
 
 
 
 
 
Piecewise Functions 
 

 

lim
௫→ିଶ

݃ሺݔሻ where ݃ሺݔሻ ൌ ൜ݔ
ଶ ൅ 5 if ݔ ൏ െ2

1 െ ݔ3 if ݔ ൒ െ2
 

 

Compute two one‐sided limits 

lim
௫→ିଶష

݃ሺݔሻ ൌ lim
௫→ିଶష

ଶݔ ൅ 5 ൌ 9 
 

lim
௫→ିଶశ

݃ሺݔሻ ൌ  lim
௫→ିଶశ

1 െ ݔ3 ൌ 7 

The one‐sided limits are different, therefore  lim
௫→ିଶ

݃ሺݔሻ does not exist. If 

each limit was equal, then the limit would have existed and been equal to  

 
 
 
 

the same value. 
 

 


